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Let E be a real uniformly smooth Banach space. Implicit iterative methods for
the approximation of zeros of m-accretive mappings A: E 2 E are constructed
and an application to the construction of an explicit iterative method is given. Our
Banach space need not admit duality maps which are weakly sequentially continu-
ous at zero. In particular our theorems apply to L spaces 1 p .  2001p
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1. INTRODUCTION
Let E be a real Banach space and let E* and E** denote the dual
space and the double dual space of E, respectively. E is said to be smooth
 if for every x E with x  1, there exists a unique x* E* such that
  ² : ² :x*  x, x*  1, where  ,  denotes the generalized duality pairing;
Ž  Ž .uniformly conex if for each  0, 2 there exists     0 such that
Ž .    4  for x, y E with x, y B 0, 1  u E : u  1 and x y   we
1 Ž .have x	 y  1  ; uniformly smooth if its dual space E* is uni-2
formly convex; reflexie if the canonical embedding : E E**, of E
² Ž .: ² :into E** defined by f , x  x, f for each x E and each f E*,
is onto. It is known that every uniformly convex and every uniformly
smooth space is reflexive.
E* Ž .Let J: E 2 be the normalized duality mapping given by J x 
 ² :   2   24 Ž .f E* : x, f  x  f . It is known cf. 3 that if E is smooth
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then J is single-valued. In this setting, we shall denote J by j. A
Ž . Emulti-valued mapping A: D A 
 E 2 is said to be accretie if there
Ž . Ž . ² Ž .:exists j x  x  J x  x such that y  y , j x  x  0,  x ,1 2 1 2 1 2 1 2 1
Ž .x D A , y  Ax , i 1, 2. A is said to be strongly accretie if, in2 i i
² Ž .:addition, there exists a constant  0 such that y  y , j x  x 1 2 1 2
  2 Ž . x  x ,  x , x D A , y  Ax , i 1, 2. It is said to be m-accretie1 2 1 2 i i
Ž .if A is accretive and  r 0, R I	 rA  E.
In solving the inclusion ‘‘0 Ax’’ for an m-accretive map A in Hilbert
 space, Bruck 1 employed the iteration scheme
1 x  x  h y 	 p x  z , n 0,Ž . Ž .Ž .n	1 n n n n n
 4 Ž . Ž .where x D A , y  Ax , z E, and h , p  0, . He proved thatn n n n n n
Ž .  4  4if 0R A , x and y are bounded and the sequences of numbersn n n n
 4  4  4h , p are ‘‘acceptably paired,’’ then x converges strongly to a zeron n n n n n
 4  4  of A, where he defined that h , p are acceptably paired 1 if then n n n
following conditions hold:
Ž .  4i p is decreasing and lim p  0;n n n n
Ž .  Ž .4ii there exists a strictly increasing sequence n k of positivek
integers such that
Ž .n k	1
lim inf p h  0,ÝnŽk . jž /k Ž .jn k
Ž .n k	1
lim p  p h  0,Ž . ÝnŽk . nŽk	1. j
k Ž .jn k
Ž .n k	1
2lim p  0.Ý j
k Ž .jn k
In this paper, we shall adopt the following definition.
 4  4DEFINITION 1.1. Two sequences h , p of nonnegative real num-n n n n
bers are acceptably paired if
Ž .  4i p is decreasing and lim p  0;n n n n
Ž .  Ž .4ii there exists a strictly increasing sequence n k of positivek
integers such that
Ž .n k	1
2 lim inf p h  0,Ž . ÝnŽk . jž /k Ž .jn k 	1
Ž .n k	1
3 lim p  p h  0.Ž . Ž . ÝnŽk . nŽk	1. j
k Ž .jn k 	1
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 4  4 a bThe sequences h , p given by h  n and p  n with a 0,n n n n n n
Ž  .b 0, and a	 b 1 satisfy the conditions of Definition 1.1 cf. 1, 14 .
 In 14 Reich solved the inclusion ‘‘0 Ax’’ in a smooth Banach which is
either uniformly convex with a duality map which is weakly sequentially
Ž Ž .1 .continuous at zero or the resolents of A J  I	 rA , r 0 arer
Ž  condensing cf. 5, 9, 11 for the definitions and properties of a condensing
.map by considering the implicit scheme
4 x  x 	 h y 	 p x  z  w , n 0,Ž . Ž .Ž .n	1 n n	1 n	1 n	1 n	1 n	1
 4 Ž .     4  4where x D A , y  Ax , z E, Ý w  , and h , p aren n n n n1 n n n n n
positive sequences of real numbers which are acceptably paired in the
sense of Definition 1.1. He proved that if the duality map of the underlying
Banach space is weakly sequentially continuous at zero or that J , ther
 4resolvents of A, are condensing then x converges strongly to a zero ofn n
Ž  .A. It is known cf. 9, 11 that if C is a nonempty, closed, bounded, and
convex subset of a Banach space E and T : C C is a condensing map,
then T has at least one fixed point. Since A is accretive if and only if
   Ž . Ž .x  x  x  x 	 	 y  y , 	 0, x , x D A , y  Ax , i1 2 1 2 1 2 1 2 i i
Ž  .1, 2 cf. 10 , it is easy to show that J , r 0 is nonexpansive. It is also wellr
known that if C is a nonempty, closed, bounded, and convex subset of a
uniformly convex Banach space then any nonexpansive mapping T : C C
Ž  .has a fixed point cf. Corollary 1 of 6 .
Our aim in this paper is to prove the convergence of implicit iterative
methods involving m-accretive mappings in uniformly smooth Banach
spaces and to apply an implicit method to prove the convergence of an
explicit method involving Lipschitz accretive mappings in the same space.
The underlying space need not admit a duality mapping which is weakly
sequentially continuous at zero. Hence our results hold in L spacesp
Ž .1 p  .
The following lemma is well known and will be crucial in the proofs of
our results.
Ž .LEMMA 1.2. Let X be an arbitrary Banach space. Then 
 j x	 y 
Ž .J x	 y such that
  2   2 ² :5 x	 y  x 	 2 Re y , j x	 y ,Ž . Ž .
 x, y X.
 Following the technique of the proof of Lemma 4 of 17 we observe that
the following result is true. We therefore omit the proof.
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 4LEMMA 1.3. Suppose  is a nonnegatie sequence of real numbersn n
satisfying the inequality
  1   	  , n 0,Ž .n	1 n	1 n n	1
  Ž .with   0, 1 , Ý    and   o  . Then lim   0.n n n n n n n
2. MAIN RESULTS
2.1. Implicit Results
THEOREM 2.1. Let E be a real uniformly smooth Banach space and let
E Ž .  4  4A: E 2 be an m-accretie mapping. Suppose that 0R A , h , pn n n n
 4 Ž .are acceptably paired in the sense of Definition 1.1, and x satisfy 4 withn n
   4Ý w  . Then x conerges strongly to a zero of A.n n n n
 4 Ž  .Proof. The sequence x is bounded cf. 14 . For any constant c 0,n n
1 Ž 1 .c A is m-accretive since A is m-accretive, so that R I	 c A  E.
Then for a fixed z E and each i there is a unique u  E withi
z u 	 p1Au , such that u  J z for each i. By Theorem 1 ofi i i i 1 pi   416 the sequence u converges strongly to a zero, x* say, of A. For eachi i
x E set
6 A x Ax	 p x z , i.Ž . Ž .i i
Ž .Then A is strongly accretive with constant p  0 and 0 A u for eachi i i i
Ž .i. Now from 4 , with y  Ax , we haven n
x  x 	 h y 	 p x  z  h p  p x  z  w ,Ž . Ž . Ž .Ž .n n1 n n i n n i n n n
Ž i. Ž .so that, for each i, y  y 	 p x  z  A x . Let n i. Thenn n i n i n
Ž .using 5 we make the following estimates:
  2   2 ² Ž i. :x  u  x  u  2h y , j x  uŽ .n i n1 i n n n i
² : ² :	 2h p  p x  z , j x  u 	 2 w , j x  uŽ . Ž . Ž .n i n n n i n n i
  2   2 x  u  2h p x  un1 i n i n i
       	 2h p  p x  z x  u 	 2 w x  u .Ž .n i n n n i n n i
 4  4Since the sequences x and u are bounded there is some real numbern n i i
   M 0 such that x  z M and x  u M, n i. Thus,n n i
  2   27 1	 2h p x  u  x  uŽ . Ž .n i n i n1 i
2  	 2h p  p M 	 2 w M ,Ž .n i n n
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  2 Ž Ž ..  2 Ž . 2so that x  u  1 1	 h p x  u 	 2h p  p M 	n i n i n1 i n i n
 2 w M. Inducting downwards from n to i, we get thatn
n
12 2n 2   x  u Ł 1	 h p x  u 	 2 M h p  pŽ .Ž . Ýn i ji	1 j i i i j i j
ji	1
n
 	 2 M wÝ j
ji	1
so that
1n
2 2   8 x  u  1	 p h x  uŽ . Ýn i i j i iž /
ji	1
n n
2  	 2 M p  p h 	 2 M w .Ž . Ý Ýi n j j
ji	1 ji	1
Ž . Ž .Set i n k and n n k	 1 . Then we have
  2x  unŽk	1. nŽk .
1Ž .n k	1
2  1	 p h x  uÝnŽk . j nŽk . nŽk .ž /Ž .jn k 	1
Ž . Ž .n k	1 n k	1
2  	 2 M p  p h 	 2 M w .Ž . Ý ÝnŽk . nŽk	1. j j
Ž . Ž .jn k 	1 jn k 	1
Ž . Ž . Ž .Equations 2 and 3 guarantee the existence of a real number 	 0, 1
  2   2such that lim sup x  u  	 lim sup x  u .k nŽk	1. nŽk . k nŽk . nŽk .
  2Since lim u  x*, we deduce that lim sup x  x*  0; i.e.,k nŽk . k nŽk .
Ž .lim x  x*. For any positive integer n n 1 , choose k such thatk nŽk .
Ž . Ž . Ž . Ž .n k  n n k	 1 . Setting i n k in 8 we conclude that lim xk n
 x* in view of the inequality
Ž .n k	1
2 2 2   x  u  x  u 	 2 M p  p hŽ . Ýn nŽk . nŽk . nŽk . nŽk . nŽk	1. j
Ž .jn k 	1
Ž .n k	1
 	 2 M w .Ý j
Ž .jn k 	1
This completes the proof of Theorem 2.1.
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Ž .PROPOSITION 2.2. Let A be an accretie mapping with 0R A ; let R be
a bounded and strongly accretie operator. Suppose that for each r 0 there
Ž .  4is  D A such that 0 R 	 rA and lim  exists. If x satisfyr r r r r n n
the iteration process
9 x  x  h y 	 p Rx  w , n 0,Ž . Ž .n	1 n n	1 n	1 n	1 n	1 n	1
 4  4  where y  Ax and h , p are acceptably paired with Ý w  , thenn n n n n n n n
lim x exists and equals lim  .n n r r
 Proof. Set u   for each i. Let M 0 be such that x Mi 1 p ni
 and x  u M, n, i. Let y  Ax . Then from the iterationn i n n
Ž .process 9 we have that
x  x  h y 	 p Rx 	 h p  p Rx 	 wŽ . Ž .n n1 n n i n n i n n n
Ž .so that, using inequality 5 , we have that
  2   2 ² :x  u  x  u  2h y 	 p Rx , j x  uŽ .n i n1 i n n i n n i
² : ² :	 2h p  p Rx , j x  u 	 2 w , j x  u ,Ž . Ž . Ž .n i n n n i n n i
 n i, so that since R is strongly accretive with  0, we have
  210 1	 2h p  x  uŽ . Ž .n i n i
  2     x  u 	 2h p  p Rx x  uŽ .n1 i n i n n n i
   	 2 w x  u ,n n i
Ž .n i. This brings us to a similar inequality 7 in the proof of Theorem
2.1. Hence the rest of the proof follows from the concluding part of the
proof of Theorem 2.1.
 Proposition 2.2 compares with Proposition 2 of 15 under different
 4  4conditions on the sequences of numbers h , p .n n n n
COROLLARY 2.3. Let A: E 2 E be an m-accretie mapping on a real
Ž .  4  4uniformly smooth Banach space E with 0R A . Suppose h , p aren n n n
 4acceptably paired in the sense of Definition 1.1, and suppose a sequence xn n
Ž .    4satisfies 4 for all nonnegatie integers n with Ý w  . Then xn n n n
1Ž .conerges strongly to some x* A 0 .
Proof. For any constant c 0, c1A is m-accretive since A is m-accre-
Ž 1 .tive, so that R I	 c A  E. Then for each i there is a unique
1   Ž .u  E with 0 u 	 p Au . By Theorem 1 of 16 , lim J 0 i i i i i 1 pi1Ž .lim u exists and belongs to A 0 . Hence the rest of the proofi i
follows from Proposition 2.2.
CONSTRUCTION OF ZEROS OF ACCRETIVE MAPPINGS 629
   Corollary 2.3 is an analogue of Theorem 1 of 1 and Theorem 3.1 of 2
Ž .for the iteration process 9 .
2.2. Explicit Result
 4  4In the result that follows the sequences h , p of positive numbersn n n n
are not assumed to be acceptably paired.
THEOREM 2.4. Let C be a nonempty, bounded closed, and conex subset
of a real uniformly smooth Banach space E; let A: C E be a single-alued
Lipschitzian accretie operator. Suppose that I A is a self-mapping of C,
 4  40 C, and that h , p are two positie sequences of numbers such thatn n n n
 4  Ž .p decreases to 0, Ý p h  , h 1	 p  1,n n n1 n n n n
h p p  1n n1 n
lim  0 lim  0.
p p hn nn n n
 4 Ž . Ž .Further let the errors w in 4 satisfy lim w p h  0. Then for eachn n n n n n
 4x  C, a sequence x defined by0 n n
11 x  x  h Ax 	 p x ,Ž . Ž .n	1 n n	1 n n	1 n
n 0, conerges strongly to a zero of A.
Ž .Proof. Since C is convex, h 1	 p  1, n 0, and I A is an n
Ž .self-mapping of C, it follows from 11 that x  C, n 1. Let w  xn n n
Ž .      x 	 h Ax 	 p x , n 1. Then x  x  w 	 h Axn1 n n n n n n1 n n n
 Ž . 	 p x . A C is a bounded subset of E. Let M  0 such that Ax 	n n 0 n
p x M , n 1. Thenn n 0
h hn n
     x  x  w 	 M p  w 	 M  0 as n .n n1 n 0 n n 0p pn n
Also,
22 2       x  x w 	 h M w 2h M w hn n1 n n 0 n n 0 n n 2  	 	 M0h p h p h p h p pn n n n n n n n n
w w hn n n 2  w 	 2 M 	 M  0,n 0 0h p h p pn n n n n
Ž .as n . Set z 0 in Eq. 6 , so that A x Ax	 p x,  x C, n.n n
Then A is continuous and strongly accretive with constant p  0. Byn n
 Theorem 13.1 of 5 there is a unique zero u  E of A for each n.n n
Ž .  It follows that u  J 0 . A is m-accretive. By Theorem 1 of 16 theren 1 pn1Ž . Ž .exists x* A 0 such that lim J 0  lim u  x*.n 1 p n nn
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Ž .From 11 we have that
x  x  h Ax 	 p x 	 h Ax  Ax 	 h p x  x ,Ž . Ž . Ž .n n1 n n n n n n n1 n n n n1
so that
  2   2 ² :x  u  x  u  2h Ax 	 p x , j x  uŽ .n n n1 n n n n n n n
² :	 2h Ax  Ax , j x  uŽ .n n n1 n n
² :	 2h p x  x , j x  uŽ .n n n n1 n n
  2   2 x  u  2h p x  un1 n n n n n
   	 2h Ax  Ax x  un n n1 n n
   	 2h p x  x x  u .n n n n1 n n
Let L be the Lipschitz constant of A and let M  0 be the diameter of1
C. Then
  2   2   2x  u  x  u  2h p x  un n n1 n n n n n
   	 2h LM x  x 	 2h p M x  x ,n 1 n n1 n n 1 n n1
so that
12 2   x  u  x  un n n1 n1	 h pn n
   	 2h LM x  x 	 2h p M x  xn 1 n n1 n n 1 n n1
2 2   2 1 h p 	 h p x  uŽ .n n n n n1 n
   	 2h LM x  x 	 2h p M x  xn 1 n n1 n n 1 n n1
  2 2 2 2 1 h p x  u 	 h p MŽ .n n n1 n n n 1
   	 2h LM x  x 	 2h p M x  xn 1 n n1 n n 1 n n1
  2     1 h p x  u 	 2 x  u u  uŽ .n n n1 n1 n1 n1 n n1
  2 2 2 2  	 u  u 	 h p M 	 2h LM x  xn n1 n n 1 n 1 n n1
 	 2h p M x  xn n 1 n n1
  2   1 h p x  u 	 2 M u  uŽ .n n n1 n1 1 n n1
  2 2 2 2  	 u  u 	 h p M 	 2h LM x  xn n1 n n 1 n 1 n n1
 	 2h p M x  x .n n 1 n n1
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  Ž .Noting that u  u M p p  1 for some constant M  0n n1 2 n1 n 2
  2 2 2   2and that 2h LM x  x  h L M 	 x  x , set  n 1 n n1 n 1 n n1 n
    2 2 2 2  M u  u 	 u  u 	 h p M 	 2h LM x  x 	1 n n1 n n1 n n 1 n 1 n n1
  Ž .2h p M x  x we find that   o h p . Thus by Lemma 1.3,n n 1 n n1 n n n
 lim x  u  0. Since lim u  x*, it follows that the sequencen n n n n
 4x converges strongly to x*. Hence we have the proof of Theorem 2.4.n n
 In 15 Reich proved under the same conditions on the sequences of
 4  4numbers h , p as in the above Theorem 2.4, but in a smooth,n n n n
uniformly convex Banach space with a duality mapping that is weakly
 4 Ž .sequentially continuous at zero, that a sequence x defined by 11n n
converges strongly to a zero of A. Our Theorem 2.4 does not depend on a
duality mapping that is weakly sequentially continuous at zero. If h n
kna, p  nb with 0 b a, a	 b 1 and k is small enough, thenn
 4  4the sequences h , p satisfy the imposed requirements of Theoremn n n n
Ž  .2.4 cf. 15 .
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